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Abstract-A theoretical investigation is undertaken into the dynamic instability of complete
spherical shells which are loaded impulsively and made from either linear elastic or elastic
plastic materials. It is shown that certain harmonics grow quickly and cause a shell to exhibit a
wrinkled shape which is characterized by a critical mode number. The critical mode numbers
are similar for spherical and cylindrical elastic shells having the same R/h ratios and material
parameters, but may be larger or smaller in an elastic-plastic spherical shell depending on the
values of the various parameters. Threshold velocities are also determined in order to obtain
the smallest velocity that a shell can tolerate without excessive deformation. The threshold
velocities for the elastic and elastic-plastic spherical shells are larger than those which have been
published previously for cylindrical shells having the same R/h ratios and material parameters.
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shell thickness
time
Young's and tangent moduli, respectively
mean radius of spherical shell
initial impulsive velocity

2(1 - v)

A+ I - 2v
equivalent yield strain and equivalent stress, respectively
E/E,
n(n + I)
Poisson's ratio and density, respectively
yield stress
8( )/81 or 8( )/87
8( )/8x, where x = e, ,p, 7 or y.

INTRODUCTION

A theoretical procedure was developed in[l] in order to examine the dynamic plastic buck
ling of complete spherical shells which were loaded with an external impulsive velocity and
made from a rigid-plastic material. These theoretical predictions are expected to be useful
for thin-walled spherical shells with small Rjh ratios (e.g. 1O<Rjh<60). However, material
elasticity exercises an important influence on the dynamic response of spherical shells with
large Rjh ratios (e.g. Rjh>350). Thus, the dynamic behavior of complete spherical shells
which are made from either linear elastic or elastic-plastic materials is investigated herein.
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An examination is made of the influence of small deviations from sphericity of the shell
and the effect of small perturbations in the initial uniform velocity field. It turns out that
certain harmonics grow very quickly and cause a spherical shell to exhibit a characteristic
wrinkled shape. It is assumed in the elastic-plastic case that the strains which aie associated
with the perturbed state are much smaller than those associated with the predominant
motion. Thus, no unloading of the shell material occurs before the time when all the initial
kinetic energy is absorbed by the spherical shell in the predominant mode. Moreover, it is
further assumed that the wrinkled pattern in the shells is established prior to this time and is
not modified by subsequent unloading.

BASIC EQUA nONS

A set of membrane strain and curvature displacement relations were developed in [2]
for arbitrarily shaped thin shells with strains that were small compared to unity and with
transverse deflections W which were much larger than the in-plane displacements U and V.
The usual thin shell assumption h/R ~ I was introduced during the theoretical analysis.
However, if this thinness simplification was delayed in the analysis until the final expansions
for the strains, then the membrane strain rates for the particular case of a spherical shell are

(
. . I .)

eq, = Uq, - W + RW.q, w,q, IR

eo = (cosec ¢ V. o+ cot ¢ U- W+ cosec 2 ¢ w,o w,o/R)/R

eq,o = [cosec ¢ U.o- cot ¢ V+ V.q, + cosec ¢( /·V.q, w,o + w.o w,q,)/R]/R

which agree with the predictions of Ref. [2], while the curvature rate expressions are

J{q> =( W+ W.,/>q,)/R 2

J{o =( W+cosec2 ¢ w,oo+cot ¢ W,q,)/R 2

and

(I a)

(I b)

(I c)

(I d)

(Ie)

Kq,0=2[cosec ¢ w,q,o-cot ¢ cosec ¢ W,0]/R 2 (If)

which are the same as Ref.[2] except for the presence of the W/ R2 tems in equations (ld)
and (Ie) and the absence of any terms containing the in-plane displacements U and V. The
present approach also leads to non-linear terms in the curvature-displacement expressions
but these are not considered herein. The displacements are defined as shown in Fig. I
and O=c( )/ct where t is time. The principle of virtual work may be used to obtain the
equilibrium equations

and

Nq,.q,+cot ¢(Nq,-No)+cosec ¢Nq,o.o - phRU + PIR = 0

cosec ¢No.o + N<j>o.q, + 2 cot ¢N<j>o - phR V + P2 R = 0

(2a)

(2b)

R(Nq, + No) + Nq,( W.q,q, + cot ¢ W.q,) + No cosec 2 ¢ W. OO

+ cosec ¢Nq,o(W,q,o+ w,oq,) + (Nq,.q, W.q, + W,oNq,o.q, cosec ¢+

+ W.q,Nq,o,ocosec ¢+cosec2¢No.oW,0)-(Mq,.q,q,+

+2 cot ¢Mq"q,-cot ¢Al0,q,+21vlo+cosec 2 ¢Mo,oo+

+ 2 cosec ¢Mq,0,q,0 + 2 cosec ¢ cot ¢Mq,o,o) - R 2 ph W+ R 2 P3 = 0 (2c)
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Fig. 1. (a) Displacements and (b) membrane forces, bending moments and external loads on a
spherical shell.
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which are consistent with the strain and curvature expressions (la)-(lf) provided the in
fluence of transverse shear deformation is disregarded.

It may be shown by direct substitution that the strain and change of curvature relations
given by equations (la)-(lf) satisfy the compatibility equation

e8,</></>+cosec2cPe</>.88+2 cot cPe8.</>-cot cPe</>,</>+2e</>

- cosec cPe</>8.</>8 - cosec cP cot cPe</>8.8 + R(K</> + K8) =0 (3)

for infinitesimal displacements.
Constitutive equations for arbitrarily shaped shells which are made from an elastic

plastic material are developed in Ref. [3] and discussed briefly in the Appendix which accom
panies this article. Equations (l.20a)-(1.2Ic) of Ref. [3] can be written for a spherical shell
in the form

. Eh
N8 = A [C1e8 + C12e</>]

. Eh 3

M</> = 12~ [C2 K</> + C12K8]

, Eh 3

M</>8 = 12~ C3 K</>8

(4a, b)

(4c, d)

(4e, f)
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CI=C2=)~+3,

C3 =).+ 1-2v, A=E/Et ,

Cl2 =4v-().-I)

d=2(l +V)(J~+1-2v)

(5a-c)

(5d, f)

when it is assumed that q = (Jo/(J4> = I for a complete spherical shell loaded uniformly.
It is assumed that the displacements in a complete spherical shell consist of dominant

(w, U = V = 0) and perturbation (W', V'. V') parts so that

We</>, e, r) = W(r) + W'(</>, 0, r)

V(</>, e, r) = V'(</>, e, r)

and

V(</>, e, r) = V'(</>, 0, r).

Thus, the dominant strains and curvature changes are

(6a)

(6b)

(6c)

(7a-c)

and

- - ul/R2K4> =Ko = rr. , (8a-c)

respectively, while the corresponding perturbation quantities are given by equations
(la)-(lf) with primes. Similarly,

and

N4>(</>' e, r)=N(r)+N~(</>, e, r)

No(</>. e, r) =N(r)+N~(</>, 0, r)

(9a)

(9b)

(9c)

together with equations (9d)-(9f) for the bending moments which are the same as equa
tions (9a)-(9c) except with M replacing N. If equations (6) and (9) are substituted into
equation (2c) then the dominant and perturbation transverse equilibrium equations are

(lOa)

and

R(N~+N:)+N(W',4>4>+cot </> W',4>+cosec2
</> W',oo)-

- [M~,4>4> + 2 cot </>M'q,,4> - cot </>M~,4> +2M~ + cosec2
</>M~,oo

+2 cosec </>M'q,o,o</> + 2 cosec </> cot </>M'q,o,o] - phR2 W" =0 (lOb)

respectively, when neglecting higher order quantities.
It may be shown that the in-plane equilibrium equations (2a) and (2b) are satisfied iden

tically when

and

. 1 2
N 4> = R 2 [F + cosec </>F,oo + cot </>F,4>]'

, 1
No = R 2 [F + F,4>4» (Ila, b)
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(lIc)

where F is a stress rate function and U = V = P1 = Pz = O. Now, substituting equations
(4a)-(4c) and (lIa)-(llc) into the compatibility equation (3) gives

4(l - v)(V Z + 2)u,t + [C1(VZ + 1) - C12 ](VZ + 2)F = 0 (l2a)

where

U = W' F= F(l - v) C Z = E r = ~ t (I2b-e)
R ' EhRC ' p(l - v)' R

V Z
( ) = ( ).4>4> + cot 4>( ).4> + cosecz 4>( ).66' (l2f)

If equations (l, 4. 7-9 and 11) are substituted into equations (lOa) and (lOb), then the
transverse equilibrium equations (lOa) and (lOb) can be written in the non-dimensionalized
form

(l3a)

and

where

w
Uo =R'

_ N(l - v)
(J=---

Eh

(Jz = 2(1 - v)
l + 1 - 2v'

and

(l4a-d)

(l4e, f)

STATIC BUCKLING

Equation (l3a) for the static case predicts

if = -P/2

when (J,z ~ 1. If U and F are written in the series expansions

U = aonPn(cos 4» + P;:'(cos 4»(amn cos me + bmn sin me)

and

where

In = n(n + 1)

(l5)

(l6a)t

(l6b)t

(l6c)

and Pn and P;:' are Legendre and associated Legendre polynomials of degree n and order m,
then equations (l2a) and (13b) give

(l7a)

t The summation convention is used for the integers m and n with 0 .,; n .,; 00 and 1 .,; m .,; n.
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respectively. Two additional equations are also obtained but these are identical to equations
(17a) and (17b) provided bmn and dmn are substituted for amn and Cmn . If Cmn is eliminated
from equations (17a) and (17b) then

(18a)

where

(18b)

Now, when substituting equation (15) into (18a) and integrating it may be shown that static
_ 2 {(1 - VY}I/2

buckling occurs if P = 2wsfAn and attains a minimum value when I.n= aft Ciao pro-

vided I.n~ 1. Thus, An = 2[3(1 - V2)]1/2 R/h for the linear elastic case (2 = 1) which agrees
with the theoretical predictions of Koiter [4] and with Ref. [5] when R/h ~ 1. The buckling
pressure for an elastic-plastic spherical shell is therefore

(
h)2 IP:::::4E -
R J6(A + I - 2v)(1 + v)

(19)

which agrees with the theoretical predictions of Bijlaard[6], Batterman[7] and Hutchinson[8]
and with Refs. [4, 5] for the linear elastic case (A = I).

DYNAMIC BUCKLING

The solution of the predominant transverse equation of motion (13a) during the initial
elastic response of a spherical shell is

Vo . ~

Uo = J- SIn J2r,
C 2

and (j = - Uo (20a, b)

provided r :s; r o , where r o is the non-dimensional time when yielding occurs for sufficiently
large values of the uniformly distributed external impulsive velocity Vo ' It is evident from
equation (20a) that the predominant response would remain elastic when

or (21)

where 8y is the equivalent yield strain. If r z r o then equation (13a) has the solution

(22a)
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and (J =

= ~ [~(VO)2 ~ 2]1/2
D 13 2 C + 132 ey ,

Vo . r
ey = c../i Sin v 2'0'

ljJ = tan -1 (~tanJ2'0) (22b, c)

(22d, e)

since Uo, UO,t and uO,n are continuous at , = '0 between the elastic and plastic stages and
provided 13 (i.e. I.) is time-independent. The motion of a shell is described by equation (22a)
until unloading commences at 'f where

n/2 -ljJ
'f = '0 + --c,=--'---

.J2f3
(23)

is given by the condition Uo = O. In order to avoid a study of unloading in the perturbation
analysis to be considered next, it is assumed when the inequality (21) is violated that the
final pattern of wrinkling is established in a spherical shell before,f when strain reversal
occurs.

Now, the solutions for U and F are expressed in the form of the infinite series expansions
(l6a) and (16b). If equations (l6a) and (l6b) are substituted into the governing equations
(l2a) and (l3b), then a procedure similar to that employed to derive equation (l8a) for
the static case gives

when assuming (j is given by equation (22e) and where

(24a)t

and (24b-d)

Another equation is also obtained which is similar to equation (24a) but with bmn sub
stituted for amn •

A series solution for the time dependence of amn which satisfies equation (24a) is now
sought. The general procedure which follows is similar to that developed by Stuiver [9] for
the dynamic plastic buckling of rings and is suggested by the series expansions used by
Whittacker and Watson [10] to obtain the solution of a Mathieu-Hill equation.t If

y n
z - + - and x = 2gA2

2 4

then equation (24a) can be rewritten

(25a, b)

t If the consistent set of strain and curvature relations and equilibrium equations which are developed in
Ref. [2] are used instead of equations (1) and (2), then equation (24a) is again obtained provided only those
terms involving transverse displacements (W) are retained in the curvature relations and the (An - 1 Cu !
CI)(An - 2) term in Ws (equation ISb) is replaced by (An I + C1z!C1)An. Thus, the theoretical predictions
according to these two sets of basic equations give identical predictions when An ~ 1.

::: If equations (25a) and (25b) are substituted into equation (24a), then equation (24a) is recognized as a
Mathieu equation differentiated with respect to z.
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¢,ZZZ ± 3w¢,zz + [3WZ+ XZ(1 + ; cos 2Z) ]¢, Z

+ [±W3 ±XZW(1 + 2: COS2Z) -4gxsin2Z] ¢ =0 (26a)

when it is assumed that

and

00

amn = I (AleWZ + Aze-WZ)bkeiZkz
k= - 00

00

¢ = I bkeiZkZ
k= - 00

(26b)t

(26c)

(2Sa, b)

In order to simplify the solution only the real part of equation (26c) with k = -1,0 and 1
is retained in the subsequent analysis. Thus, equation (26a) becomes

Sdl sin 2z :+ 12wdl cos 2z - 2dl {3WZ+ XZ (1 + ; cos 2Z) }sin 2z

± {W 3 + wxz (1 + 2: cos 2Z) - 4gx sin 2Z}(bo + dl cos 2z) = 0 (27)

where d l = b l + b -I' The two coupled equations

bo(wZ+ xZ)+dlxg = 0 and bo2gx +dl(wZ+ XZ - 12) = 0

immediately follow from equation (27) when employing Galerkin's averaging conditions.t
A solution to these equations exists if

WZ = 6 - XZ± J36 + 2gZx Z

which has a maximum value with respect to An when

(29)

(31)

1 (D4
) I/Z

An = J- -4-Z - 36 (30)
2D 40( ao

provided An ~ 1. The mode factor A which is predicted by equations (24d) and (30) is assoc
iated with the fastest growing mode (equation 26b). The preferred mode number according
to equation (16c) is

n = 1_(~_ IS)I/4JD S0(4ao Z

when using equation (30) and An ~ 1.
The approximate solution of equation (24a) can now be written with the aid of equations

(25a, 25b, 26b, 26c, 2Sa and 29)

amn = {B I exp[w (~+ i)] + Bz exp [ -w G+ i) ]}(l +b sin y) (32a)

t In order to simplify the notation, the subscripts mn are omitted from w, AI, A z and b•.
t Equation (28a) is obtained by integrating equation (27) with respect to z when ZI :::; z:::; ZI + 7T. Equa

tion (28b) is similarly obtained, but equation (27) is first multiplied by cos 2z.
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(32b)
(9+2g4A4 )1/2 3

b= +--.
g2A2 g2A2

The response is elastic when 0 ::s; , ::s; '0' so that y = J2r and equation (32a) becomes

where

and

( r b r) J-E':n = cosh We J2 - 2 w: sinh We J2 (l + be sin 2,)

F::'n = :: (sinh We ~)(l + be sin J2r)

(33a)

(33b)

(33c)

are the amplification functions of the initial displacement imperfections (u~n) and the initial
velocity imperfections (V~n)' respectively, and

W2 = 6 + (36 + ViA;) 1/2 __2_ {(l - V
2
)(An - 2) + a2 (A _ 1 _ v)(2 _ 2)} (33d)

e C2 I + v An _ 1 + V n n

and

(33e)

It should be noted that the initial displacement and velocity imperfections are assumed to be
distributed in the infinite series form of equation (16a). Equation (31) predicts the preferred
mode number

(C)1/2{ (R)4(V)4 }1/4
ne = V

o
9(1 + V)2 h ~ - 36

which for thin shells can be written

(R) (V )1/2
ne ""=J30+v) h ~

when

(1 + V)2 (R)4 (V)4
n ~ 1 and 4 h d ~ 1.

(34a)

(34b)

(34c)

A spherical shell commences to respond plastically at the time 't" = r 0 provided the per
turbation terms during the elastic stage are negligible compared with the dominant behavior.
In this circumstance, equation (32a) becomes

(35a)

IJSS Vol. 10 No. 12-C
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E'::n = E~nE~nCTO) + F~nE~n,rCTO)

F/:'n = E~nF:;n(TO) + F~nF:rn,r(TO)

, _ [1 + Op sin{Jip(T - TO) + l/J}]E - .
mn (1 + op sin l/J)2

[ . {W P } 0 . {W P }](1 + op sml/J) cosh )i (T - To) - 2 w: cos l/J smh )i (T - To)

(35b)

(35c)

(35d)t

F' = Jip + op sin (J2P(T - To) + l/J)] sinh{W L (T _ T )} (35e)
mn wp f3(1 + op sin l/J) p Ji 0

and where E~n(TO)' E~n,iTO)' F:;nCTo) and F~n,rCTO) are evaluated from equations (33b) and
(33c) when T = TO' The coefficients in equation (35a) were selected to ensure that the elastic
and plastic solutions matched at T = To.

Substituting equations (I4d, 14f and 22b) into equation (30) gives

3J2P {16 (1 + V)2 (R)4 [1 (VO)2 1_p2 2]2 }1/2
A~ = {! ('V

O
)2 1 _ p2 2}1/2 p4 A + 3 h 2 C +-r ey - 1 (36a)

2 C + p2 ey

which may be simplified considerably if the amount of material strain hardening is small
(i.e. p2 ~ 1 or A ~ 1). In this case, equations (16c) and (36a) predict a preferred mode
number

provided

(
3(1 + v)JiB )1 /2(R) { (PV)2 }1 /4n::=. y - 2_0 +1

p 1 -v h ByC

(1 + V)}.B/{ (PVO)2 1} (~)2 :;
4(1 - V)2 2 By C + h ~ 1

(36b)t

(36c)

and where By = 2eyis the equivalent yield strain.
It is of interest to determine a critical or threshold impulse which gives a large amplifica

tion of the perturbation displacement for a small increment of impulse. If An ~ 1, then equa
tions (24c, 24d, 25b, 29 and 30) give

2 8(1 - v) D2 36:x2ao
Wcrit = 6 - C1P2 + 4a2ao+~. (37)

The minimum value of equation (37) with respect to (VO/C)2 for an elastic shell is W~ril =
10 +2v which occurs when

(38)

t Sp and W p are respectively equations (32b) and (29) evaluated in the plastic region.
t The numerical coefficient in equation (36b) is taken as 2V2 when v = 0.3.
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It is evident from equations (23, 24b, and 25a) when W = 1t that the exponential term in
equation (26b) increases rather rapidly with time before unloading commences.

However, in order for the theoretical method to predict the phenomenon of dynamic
instability, it is necessary for the amplification function E::'n (and/or F::'n) which is associated
with the critical harmonic (ne), to be larger than unity. Now, the maximum value of the

1t
predominant radial displacement in the elastic case occurs when 'f = r according to

2y 2
equation (20a). At ,=,f and We = W eri !' it is evident that F::'n given by equation (33c)
is positive, while E::'n according to equation (33b) is positive if

(39)

when v = 0·3 [3], which is more restrictive than equations (34c) and (38). Thus, equation (39)
is used to define a critical velocity or threshold impulse for the elastic case since the associated
value of W erit is sufficient to produce a moderate amplification of the initial displacements.
The actual values of the amplification functions E::'n and F::'n can be calculated using equa
tions (33b) and (33c) for a particular shell. The growth of E::'n and F::'n with time according
to equations (33b) and (33c) is indicated in Fig. 2 for an elastic shell with Rlh =500,
vo/C =0'015 and v = 0'3, while the variation of the largest amplification functions at
, = 'f with Vo/C for the same shell are indicated in Fig. 3 together with the predictions
of (39).

Equation (37) for an elastic-plastic shell with f32 ~ 1 (i.e. ), ~ 1) has the minimum value

Werit = 2)2 when [3]

pV
2

1 (h)2 Ae
(J: = (1 + v)ey Ii. - 4(1 ~V)2' (40a)

EQUATION
(34b)

800 I
I
IF:n

600

400

200

0
30 180

EQUATION
(34bl

I

800

1600

4000

2400

3200

°3'~0-==;6~0~~9§0t=~12;0=!::~15~0~-:-:18~0""
(0) (bl

Fig. 2. Growth of amplification functions for an elastic spherical shell with Rlh = 500, vole =
0'015 and v = 0'3.
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1000

'f =1.11

750
(lOS)

fV E 500
w

250

c:ve
"- EQUATlON

( 39)
I
J

I
I
I
I
I
I
I
I
I
I
I
I
I
I
1(74)
I [62J

°O~----:'-~=-----''''''--':'-,L..,,----_.l..-
0.005 0.015

Fig. 3. Variation of largest amplification functions at T = T f with initial impulsive velocity for
an elastic spherical shell with Rjh = 500 and v = 0·3. The numbers within the parentheses ( )

and [ ] are the critical modes for E~n and F~n' respectively.

If the initial kinetic energy is equated to the predominant membrane energy, then [3J

(4Gb)

provided the final strain which is predicted by equation (22a) with T = Tf is much larger than
the yield strain (ey ), or

pV0
2

Sy
-->--.

(Ty 1 - v
(40c)

(40d)

Thus, Sy can be eliminated from equation (40a) to give the more convenient form [3]

pV/ _ 2 { A \1/2 (h)
---;;; - 1 - v 5(1 + v)f R'

The values of the amplification functions E::'n and F,~n can be calculated from equa
tions (35b) and (35c) for a particular elastic-plastic shell. The variation of E~n and F::'n at
T = 1.'f with Vole is shown in Fig. 4 for a given set of parameters, while the variation of
E/:'n and F::'n with time is shown in Fig. 5 for the same shell. Again, dynamic buckling could
be said to occur in an elastic-plastic shell when the magnitudes of the amplification functions
E/:'n and F::'nwhich are associated with the critical harmonic are much larger than unity. Now
the predominant motion reaches its maximum excursion at Tf which is given by equation (23).
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1600 E~n

'='f
1200

"c.E

F~nu..

"
EQUATION

E'!5]c.E 800 (39)
w

400
(45)

(44) [43J

[41] [4c]

O~~~~~~~-=--~:::---
0.01 0.020 0.025

Vo
C

Fig. 4. Variation of largest amplification functions at T = T f with initial impulsive velocity for
an elastic-plastic spherical shell with Rlh = 200, (3, = 2,95, v = 0'33, ,\ = 80'8 and ey = 0'0021.
The numbers within the parentheses ( ) and [ ] are the critical modes for E~. and

Ff:,. , respectively.
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Thus, at T =Tf" F~n is always positive, while E::,,, (To) > 0 provided (39) is satisfied. It can be
shown that E~n > 0 when wp /(2i5p) > 1, or

(40e)

which is a more restrictive requirement than (40a). E~n,iTO) > 0 when 2i5e/we < tanh

(W eTo/)2-) which, unfortunately, cannot be recast into a simpler form. Nevertheless, it is

1600

1200

800

400

EQUATIO~J :: EQUATION
(36b) I' (31)

""11
II

(0) (bl

Fig. 5. Growth of amplification functions for an elastic-plastic spherical shell with Rlh = 200,
Vole = 0'0265, (3, = 2'95, v = 0'33, ,\ = 80·8 and ey = 0'0021.
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(41)

clear that it might not be necessary for all the individual quantities on the right hand side
of equation (35a) to remain positive. Indeed, it does appear from some numerical results
that E~"'t(ro) > 0 is too restrictive. It is suggested, therefore, that the critical or threshold
velocity is the largest of the two values which are predicted by (39) and (40e), the latter of
which may be rewritten

pVo
2 _1'72 (. A )l/2h

----- -- -
Cly I - v I + v R

when using equation (40b). The predictions of (39) and (41) are indicated in Fig. 4 for a
particular elastic-plastic spherical shell.

DISCUSSION

As mentioned in Ref. [I] it is of interest to compare the results reported herein with
previous theoretical and experimental investigations into the behavior of impulsively loaded
rings and cylindrical shells since no theoretical or experimental investigations appear to
have been published on the dynamic instability of complete spherical shells.

It is observed that equation (34b) for the critical harmonict in an impulsively loaded
linear elastic spherical shell is almost identical to the prediction of Stuiver [9]: the only
differences are that Stuiver defines C 2 = E/p and obtains a numerical coefficient of 2.
Equation (34b) is the same as Lindberg's result [II] except that the magnitude of the numeri-

cal coefficient is J3'9/6 or about 0·8 times as large. Of course, n, in the present case, refers
to the critical or most amplified harmonic in the displacement field of a complete spherical
shell which is expressed in terms of Legendre and associated Legendre polynomials (equa
tion 16a), while in Refs. [9, II] on rings and cylindrical shells, it is associated with trig
onometric functions. It is important to remark that equation (34b) gives meaningful
results only when the inequality (34c) is satisfied. Equation (34b) then predicts accurately
the peaks in the displacement and velocity amplification curves as shown in Fig. 2 for an

elastic spherical shell with R/h = 500. With the exception of the~ = J Cly/ jj; term being

replaced by JCly/E" the form of equation (36b) for the critical harmonic in an elastic
plastic spherical shell is similar to Stuiver's predictions [9] for a ring.

The inequalities (21) and (34c) for an elastic shell can be arranged to provide bounds on

Vo/Cwhich in turn require R/h >2/((Jl +~h). Thus, equation (34b) can only be used to
predict the critical mode numbers of elastic shells with R/h > 350, approximately, when
By =2ey = 5 x 10- 3 and v = 0'3. The sign of inequality (21) is reversed if plastic flow is
required to occur during the dominant motion of an elastic-plastic shell. If this inequality
is combined with inequality (36c) then upper and lower bounds on B/ are obtained. A

R J2(1 - v) ( C ) .comparison of these upper and lower bounds demands - > /.. - whlch must be
h ,,(1 + V)A Yo

satisfied if equation (36b) is to predict the critical mode number for an elastic-plastic shell.
This inequality, as anticipated, is less restrictive than the previous one for the elastic case.
For example, it requires R/h > 60, approximately, when A = 9, Vo/C = 5 x 10- 3 and
v = 0·3.

A further examination of inequality (21) also reveals the importance of material elasticity

t The critical harmonics which are predicted by the various formulae in this article are always rounded off
to the nearest integer.
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for thin shells and material plasticity for thicker ones. The equality in (21), which gives the
upper limit of elastic response or lower limit of plastic behavior, may be recast into the form

/~ Vo W y h . - - . .
v 2 - e y = 2 - -, SInce e y = 2ey and e y = W ylR, where Wy IS the transverse dommant

C h R

fl W y eyR . . d' h'deflection at the onset of plastic ow. t Thus, h = 2h whIch m Icates that t e dommant

transverse deflection-to-shell thickness ratio at yield increases as Rlh increases. If By =
5 x 10- 3, then Wy = 0'025h when RIh = 10, and Wy = 2·50h when RIh = 1,000.

The concept of a threshold or critical impulse has been used by a number of investigators
to mark the smallest impulse that a structure can tolerate without excessive deformation.
This definition is somewhat arbitrary, particularly for the elastic case, which hinders com
parisons between the theoretical predictions of various authors. Moreover, it is evident from
Figures 3 and 4 that the displacement amplification function is a highly non-linear function
of the impulsive velocity (Vo). The threshold velocity according to equation (39) for a linear
elastic spherical shell has the same form as Lindberg's for a cylindrical shell [12] but is

{
6.33 \1/2

f
times larger. It can be shown that equation (41) predicts a larger critical

4(1 + v)
velocity for an elastic-plastic spherical shell than Lindberg's [12] corresponding result for
an elastic-plastic cylindrical shell with the same material and geometrical parameters. As
mentioned above, these differences could be attributed to differences in definition as much
as to differences in geometry. It does not appear possible to obtain simple expressions for the
threshold velocities for cylindrical and spherical shells which have a common precise
definition due to the different forms of the theoretical solutions. However, it would be
worthwhile to generate amplification-impulsive velocity curves, such as those presented in
Figs. 3 and 4, for both cylindrical and spherical shells with the same geometrical and
material parameters. A comparison between these numerical results would then indicate
whether spherical shells were indeed stronger than cylindrical shells as suggested by the
expressions for the critical velocities.

The growth of the displacement and velocity amplification functions with time for typical
elastic and elastic-plastic spherical shells are shown in Figs. 2 and 5, respectively. It is
evident from these figures and Fig. 2 in Ref. [I] for the rigid-plastic case that the displacement
functions experience larger amplifications than the velocity functions. This suggests that
shape imperfections might exercise a more significant influence on the instability of spherical
shells than variations in the initial velocity field.

It should be remarked that the constitutive equations do not cater for the influence of
material strain-rate sensitivity which has been examined for cylindrical shells by Florence
[13]. In addition to the various simplifications and approximations which are introduced in
the theoretical analyses, the influence of transverse shear stresses and deformations have
been disregarded. Moreover, the influence of unloading has been neglected so that the
effect of possible plastic behavior after 1: = 1:f has not been considered.

Finally, it should be remarked that only three terms have been retained in the series
expansion (26c) which was used in the solution of an elastic-plastic spherical shell. The
retention of more terms in this series would present complications but an examination of the
importance of these additional terms might be one of many aspects worthy of further study.

t Wy is the dominant transverse deflection at the onset of plastic flow when the additional strains due to
the perturbed terms are neglected.
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CONCLUSIONS

A theoretical investigation has been undertaken into the dynamic instability of complete
spherical shells loaded impulsively. If the various inequalities in the text are satisfied, then
the elastic theory could be used to obtain the response of shells with large R/h ratios (e.g.
R/h> 350), while shells with small R/h ratios (e.g. 10 < R/h< 60) could be examined with
the rigid-plastic theory which was presented in Ref. [I]. The elastic-plastic theory could be
used to study those shells with intermediate values of R/h. Unfortunately, no experimental
results are available to examine the validity, or otherwise, of the various theoretical pre
dictions. However, the forms of the expressions for the critical mode number and threshold
velocity are similar to those developed by various authors for cylindrical shells, except that
the magnitudes of the numerical coefficients are different. The threshold velocities for the
elastic, elastic-plastic and rigid-plastic spherical shells are larger than the corresponding
values which have been published previously for cylindrical shells with the same R/h ratios
and material parameters. The rigid-plastic theory presented in Ref. [I] predicts critical mode
numbers for spherical shells which are somewhat similar to the corresponding experimental
values on cylindrical shells with 10 <R/h < 30 which were reported in Refs.[14-16].

COMMENTS ADDED AFTER REVIEW

The authors wish to thank a reviewer of this article for pointing out McIvor and Son
stegard's [17] article which had escaped our attention. McIvor and Sonstegard used a
different procedure to examine the axisymmetric response of a linear elastic closed spherical
shell which was subjected to a nearly uniform radial impulse. McIvor and Sonstegard show
that the initial elastic response is governed by a Mathieu equation. t Thus, the amplitude of a
member (or members) in the displacement series grow exponentially with time when the
associated parameters lie within an unstable region of the Mathieu stability diagram. How
ever, no information was obtained concerning the amplitude-wave number or amplitude
impulsive velocity relations as such shown for the linear elastic case in Figs. 2 and 3 of the
present article. Clearly, threshold impulses cannot be determined without these results.

McIvor and Sonstegard then examined the long term elastic behavior for which it was
necessary to retain additional terms in the governing equations. An approximate set of
coupled equations was solved numerically for R/h = 100 and vole = 4·95 x 1O- 3 .t These
numerical results show that an essentially complete cyclic energy exchange occurs between
the dominant mode and certain parametrically excited composite (membrane and bending)
modes. This aspect of behavior was not investigated in the present article because the
principal aim was to study dynamic instability which occurred prior to unloading.

It turns out that the elastic solution presented herein is not valid for the particular case
considered by McIvor and Sonstegard because the inequality (34c) is not satisfied. Unfor
tunately, no other numerical results are presented in Ref. [17] so that a comparison cannot
be made between the predictions of the two elastic methods. As intimated previously, it may
be necessary to include additional terms in the series expansion (26c) in order to examine the
elastic behavior of thicker shells than is presently permitted by the various inequalities. This
appears to be a topic worthy for future study.

t See a previous footnote.
t This value is different to that quoted in Ref. [17] because McIvor and Sonstegard do not define Cas

given by equation (l2d).
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McIvor and Sonstegard [17] restricted their attention to both axisymmetric and linear
elastic response. However, the importance of material plasticity can be demonstrated for the
particular case examined in Ref. [17]. Equation (20a) with Rlh = 100, volC = 4.95 x 10- 3

and sinJ2 T = 1 predicts W = 0·35h when the elastic yield limit is reached (inequality (21)
is an equality when By = ,,/ivoIC = 7 x 10- 3

). It is evident if imperfections are present that
plastic flow would occur when the dominant transverse deflection is an even smaller
fraction of the corresponding shell thickness.
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AOCTpaKT - Opeilrrpl1HI1MaeTCli TeOpeTI1'1eCKOe I1CCJIeilOBaHl1e Borrpoca ilI1HaMI1'1eCKOH
rrOTepl1 yCTOH'II1BOCTI1 rrOJIHblX c<j>opl1'1eCKI1X o60JIO'leK, BHe3arrHO HarpYlKeHHblx 11 H3TOBJIeH
HbIX, JII160 H3 JII1HeHHO yrrpyroro, JII160 H3 yrrpyrorO-rrJIaCTH'IHoro MaTepl1aJIa. YKa3bIBaeTCJI,
'ITO HeKoTopble rapMOHI1KH 6blCTpO YBeJII1'1I1BaIOTcJl H JlBJIJlIOTCJl rrpH'II1HOH, ilJIJI KOTOPOH
060JIO'lKI1 rrpOllBJIJlIOT CKJIail'laTylO <j>OpMy, H306palKeHHoH '1HCJIOM KpHTH'IeCKHX <j>OPM
BbIIIy'lI1BaHHJI. 3TI1 '1I1CJIa rroil06HbI ilJIJI c<j>epl1'1eCKHX 11 UHJIHHilpH'IeCKI1X yrrpyrHx 060JIO'leK,
06JIailalOlUI1x TOlKe caMbIMI1 OTHOMeHI1J1MI1 Rln H rrapaMeTpaMI1 MaTepHaJIa, HO MoryT 6bITb
60JIbIIII1MH HJII1 MeHbIIII1MH ilJIli yrrpyroro rrnaCTH'IeCKI1X c<j>epl1'1eCKI1X 060nO'leK, B 3aBHCI1
MOCTI1 OT 3Ha'leHI1H pa3Hblx rrapaMeTpoB. OrrpeileJIJlIOTCJI, TaKlKe, IIoporoBble CKOpOCTH, c
ueJIblO rrOJIy'leHI1J1 caMoH MeHbIIIeH CKOpOCTI1, KOTOpylO 060JIO'lKa MOlKeT ilorrycKaTb 6e3
'1pe3MepHoH ile<j>opMaUHI1. OoporOBble CKOpOCTI1 ilJIJI yrrpyrHx Hyrrpyro-IIJIaCTI1'1ecKHx c<j>epH
'1eCKI1X 060JIO'leK 60JIbWe rro cpaBHeHl110 c TaKHMH lKe, KOTopble 6bIJIH orry6JII1KOBaHbI paHbwe
ilJIJI UI1JII1HilPI1'1eCKI1X 060JIO'leK, I1MelOlUl1x TOlKe caMble OTHOIIIeHI1J1 Rln H rrapaMeTpbI
MaTepl1aJIa.
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APPENDIX

Constitutive equations for an elastic-plastic material

The constitutive equations for an arbitrarily shaped shell which is made from an elastic
plastic material are developed in Ref.[3]. This Appendix contains a brief discussion of the
derivation of equations (4a)-(4f).

If £t is the tangent modulus of the strain-hardening portion of the equivalent stress (O'e)
vs equivalent strain (ee) curve for a material, then the Prandtl-Reuss constitutive equations
can be written

'p 3j2(A - 0
eoo = S·· or

IJ 4J
2

£ IJ'

'p
(A - 1)

1:1.
2

- 1:1.0 Po 0"11ell -- ')101:1.04£ 0

'p
1:1.0 Po P0 2 - ')10130 0"22Ell

'p 1:1.0 ')10 Po ')10 ')10
2

0"J2eJ2 -----
2 2 2

for the particular case of plane stress, whereJ2 = 0'//3, O'e =FO'll, F = (1 - q + q2 + 3r2)1/
2

,

q = 0'22/0'11' r = 0'u!0'1l, :xo =(2 - q)/F, Po = (l - 2q)/F and Yo = 6rjF. If the shear stress
in the plastic range is small then r ~ 1and ')I ~ O. In this circumstance, combining the plastic
strain rates with the corresponding elastic strain rates from Hooke's law gives

8 11 (C10"1l - C12 0"22)/4£, 822 = (C20"22 - C12 0"1l)/4£, and 812 + 821 =2(1 + v)O"u!£,

where

C1 = 4 + (A - 1)1:1.0
2

, C2 = 4 + V - 0/30
2

, C12 41' + (A - l)l:I.oPo, C3 = tJ.j(2 + 21'),

tJ. = (C1C2 - CI2
2)/4, :xo = (2 - q)(l q + q2r l/2 , and Po (l - 2q)(l _q+q2)-1/2.

These equations may be inverted to obtain the stress rates which are then integrated with
respect to Z across the wall thickness of a shell to give the membrane forces and bending
moments in the form of equations (4a)-(4f) provided q and A are independent of z and
8ij = I!ij + ZKij.


